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Abstract
In this paper, we present an upper bound for the second largest eigenvalue of a tree on
n = 2k = 4t (t  2) vertices with perfect matchings. At the same time, the few largest sec-
ond largest eigenvalues over the class of trees on n = 2k = 4t (t  2) vertices with perfect
matchings are also obtained.
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1. Introduction
Let G be a graph with vertex set {v1, v2, . . . , vn}. Its adjacency matrix A(G) =
(aij ) is defined to be the n× n matrix (aij ), where aij = 1 if vi is adjacent to vj , and
aij = 0 otherwise. The characteristic polynomial of G is just det(xI − A(G)), which
is denoted by (G). Since A(G) is a real symmetric matrix, all of its eigenvalues are
real, we assume, without loss of generality, that they are ordered in non-increasing
order, i.e.,
λ1(G)  λ2(G)  · · ·  λn(G)
and call them the spectrum of G.
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Fig. 1.
Two distinct edges in a graph G are independent if they are not adjacent in G. A
set of pairwise independent edges ofG is called a matching inG. A matching of max-
imum cardinality is a maximum matching in G, denoted by M(G). The cardinality of
a maximum matching of G is commonly known as its matching number, denoted by
µ(G). A matching M that satisfies 2|M| = n = |V (G)|, is called a perfect matching.
In 1998, Chang An [3] posed the following conjecture: Let k be a positive integer,
and T be a tree on n = 2k vertices with a perfect matching. Then
λ2(T ) 
{
r1 if k = 2t,
r2 if k = 2t + 1,
where r1 and r2 are the maximum positive roots of the equations x3 − (t + 1)x +
1 = 0 and x4 − (t + 2)x2 + x + 1 = 0, respectively (t = 1, 2, 3, . . .). The equality
holds in the first inequality if and only if T ∼= T 12k , and the equality holds in the second
inequality if and only if T ∼= T 22k , where T 12k and T 22k are the trees shown in Fig. 1.
More recently [6], the authors proved that the second inequality holds but the first
inequality does not hold. In this paper, we prove that:
Theorem. Let T be a tree on n = 2k = 4t (t  2) vertices with a perfect matching.
Then λ2(T )  r, where r is the maximum positive root of the equation
(x4 − (t + 1)x2 + 1)(x2 + x − 1)+ x = 0.
The equality holds if and only if T ∼= T #1 , where T #1 is the tree shown in Fig. 4.
2. Lemmas and results
For convenience, we call a tree with n vertices a tree of order n.
Lemma 1 [2]. Let T be a tree of order n. Then for any positive integer a, there
exists a vertex v ∈ V (T ) such that there is one component of T − v with order not
exceeding max{n− 1 − a, a} and all the other components of T − v have order not
exceeding a.
Lemma 2 ([1], The Cauchy’s Interlacing Theorem). Let G be a simple graph with
spectrum λ1(G)  λ2(G)  · · ·  λn(G), and let the spectrum of G− v be µ1 
µ2  · · ·  µn−1. Then the spectrum of G− v is “interlaced” with the spectrum of
G, that is,
λ1  µ1  λ2  µ2  · · ·  µn−1  λn.
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Lemma 3 [1]. Let e = vw be an edge of G, and let C(e) be the set of all circuits
containing e. Then (G) satisfies
(G) = (G− e)− (G− v − w)− 2
∑
z
(G− V (Z)),
where the summation extends over all Z ∈ C(e).
Lemma 4 [5]. Let T be a tree on n vertices with matching number µ(T ) = i. Then
λ1(T ) 
√
1
2
(
n− i + 1 +
√
(n− i + 1)2 − 4(n− 2i + 1)
)
and equality holds if and only if T ∼= T ni , where T ni is the tree shown in Fig. 2.
Lemma 5 [4]. Let T be a tree on n = 2k (k  4) vertices with a perfect matching.
If T /= T 2kk , then
λ1(T ) 
1
2
(√
1
2
(
k − 1 +
√
(k − 3)2 + 4)+
√
1
2
(
k + 7 +
√
(k − 3)2 + 4)
)
,
the equality holds if and only if T ∼= T 32k, where T 32k is the tree shown in Fig. 3.
Now let σ1, . . . , σ5 be the following functions of t :
σ1 = t + 1 +
√
(t + 1)2 − 8
2
, σ2 = t + 1 +
√
(t + 1)2 − 7
2
,
σ3 =
t + 1 +
√
(t + 1)2 − 2
(
1 +√5
)
2
, σ4 = t + 1 +
√
(t + 1)2 − 6
2
,
σ5 = t + 1 +
√
(t + 1)2 − 4
2
.
It is easy to verify that if t  3 then t < σ1 < σ2 < σ3 < σ4 < σ5 < t + 1.
Fig. 2.
Fig. 3.
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Fig. 4.
Lemma 6. Let T #1 , . . . , T #10 (t  4) be the trees shown in Fig. 4. Then
max
{
λ2(T
#
5 ), λ2(T
#
6 ), λ2(T
#
7 ), λ2(T
#
8 ), λ2(T
#
9 ), λ2(T
#
10)
}
<
√
σ1 < λ2(T
#
4 ) < λ2(T
#
3 ) < λ2(T
#
2 ) <
√
σ4 < λ2(T
#
1 ).
Proof. We have from Lemma 3 that
(T #1 ) = (x2 − 1)2t−6[(x2 − 1)2(x4 − (t + 1)x2 + 1)2
− x2(x4 − (t + 1)x2 + 2)2],
(T #2 ) = (x2 − 1)2t−5[(x2 − 1)(x4 − (t + 1)x2 + 1)2
− x2(x2 − t)(x4 − (t + 1)x2 + 2)],
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(T #3 ) = (x2 − 1)2t−6[(x2 − 1)2(x4 − (t + 1)x2 + 1)2
− x2(x4 − tx2 + 1)(x4 − (t + 1)x2 + 2)],
(T #4 ) = (x2 − 1)2t−4[(x4 − (t + 1)x2 + 1)2 − x2(x4 − (t + 1)x2 + 2)],
(T #5 ) = (x2 − 1)2t−6[(x2−1)2(x4−(t + 1)x2 + 1)2− x2(x4 − tx2 + 1)2],
(T #6 ) = (x2 − 1)2t−4[(x4 − (t + 1)x2 + 1)2 − x2(x2 − 1)(x2 − t)],
(T #7 ) = (x2 − 1)2t−4[(x4 − (t + 1)x2 + 1)2 − x2(x4 − tx2 + 1)],
(T #8 ) = (x2 − 1)2t−4[(x4 − (t + 1)x2 + 1)2 − x2(x2 − t)2],
(T #9 ) = (x2 − 1)2t−5[(x2 − 1)(x4 − (t + 1)x2 + 1)2
− x2(x2 − t)(x4 − tx2 + 1)],
(T #10) = (x2 − 1)2t−4[(x4 − (t + 1)x2 + 1)2 − x2(x2 − 1)2].
Let y = x2. We have
(T #1 )= (y − 1)2t−6[(y − 1)2(y2 − (t + 1)y + 1)2
− y(y2 − (t + 1)y + 2)2] = (y − 1)2t−6f1(y),
(T #2 )= (y − 1)2t−5[(y − 1)(y2 − (t + 1)y + 1)2
− y(y − t)(y2 − (t + 1)y + 2)] = (y − 1)2t−5f2(y),
(T #3 )= (y − 1)2t−6[(y − 1)2(y2 − (t + 1)y + 1)2
− y(y2 − ty + 1)(y2 − (t + 1)y + 2)] = (y − 1)2t−6f3(y),
(T #4 )= (y − 1)2t−4[(y2 − (t + 1)y + 1)2 − y(y2 − (t + 1)y + 2)]
= (y − 1)2t−4f4(y),
(T #5 )= (y − 1)2t−6[(y − 1)2(y2 − (t + 1)y + 1)2 − y(y2 − ty + 1)2]
= (y − 1)2t−6f5(y),
(T #6 )= (y − 1)2t−4[(y2 − (t + 1)y + 1)2 − y(y − 1)(y − t)]
= (y − 1)2t−4f6(y),
(T #7 )= (y − 1)2t−4[(y2 − (t + 1)y + 1)2 − y(y2 − ty + 1)]
= (y − 1)2t−4f7(y),
(T #8 )= (y − 1)2t−4[(y2 − (t + 1)y + 1)2 − y(y − t)2]
= (y − 1)2t−4f8(y),
(T #9 )= (y − 1)2t−5[(y − 1)(y2− (t + 1)y + 1)2− y(y − t)(y2− ty + 1)]
= (y − 1)2t−5f9(y),
(T #10)= (y − 1)2t−4[(y2 − (t + 1)y + 1)2 − y(y − 1)2]
= (y − 1)2t−4f10(y).
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In the following, we suppose that t  4.
Since
f1(0) = 1 > 0,
f1
(
1
t + 1
)
= 1
(t + 1)6 [t
2 − (t + 1)(t2 + 2t + 2)2] < 0,
f1
(
2
t + 1
)
= 1
(t + 1)6 [(t − 1)
2(t2 + 2t − 3)2 − 32(t + 1)] > 0,
f1(1) = −(t − 2)2 < 0,
f1(σ4) = 14 (σ
2
4 − 3σ4 + 1) > 0,
f1(σ5) = −σ5 < 0,
f1(t + 2) = t4 + 7t3 + 12t2 − 8t − 23 > 0,
we have
√
σ4 < λ2(T
#
1 ) <
√
σ5. (1)
Since
f2(0) = −1 < 0,
f2
(
1
t + 1
)
= 1
(t + 1)4
[
(t2 + t − 1)(t2 + 2t + 2)− 1
t + 1
]
> 0,
f2(1) = −(t − 1)(t − 2) < 0,
f2(σ3) =
√
5 − 2 > 0,
f2(σ4) = 14 (2 − σ4) < 0,
f2(t + 2) = t3 + 5t2 + 3t − 7 > 0,
we have
√
σ3 < λ2(T
#
2 ) <
√
σ4. (2)
Since
f3(0) = 1 > 0,
f3
(
1
t + 1
)
= 1
(t + 1)6 [t
2 − (t + 1)(t + 2)(t2 + 2t + 2)] < 0,
f3
(
1
t
)
= 1
t6
(t4 − 5t3 + 7t2 − 5t + 1) > 0,
f3(1) = −(t − 2)2 < 0,
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f3(σ2) = 116 (5σ
2
2 − 15σ2 + 9) > 0,
f3(σ3) = −
(
5 − 2√5
)
σ3 < 0,
f3(t + 2) = (t + 1)2(t + 3)2 − (t + 2)(t + 4)(2t + 5) > 0,
we have√
σ2 < λ2(T
#
3 ) <
√
σ3. (3)
Since
f4(0) = 1 > 0,
f4
(
1
t + 1
)
= 1
(t + 1)4 [1 − (t + 1)(t
2 + 2t + 2)] < 0,
f4(σ1) = 1 > 0,
f4(σ2) = 14
(
9
4
− σ2
)
< 0,
f4(t + 2) = 1 > 0,
we have√
σ1 < λ2(T
#
4 ) <
√
σ2. (4)
Since
f5(0) = 1 > 0,
f5
(
1
t + 1
)
= 1
(t + 1)6 [t
2 − (t + 1)(t + 2)2] < 0,
f5
(
1
t
)
= 1
t6
[(t − 1)4 − t] > 0,
f5(1) = −(t − 2)2 < 0,
f5(t) = (t − 1)4 − t > 0,
f5(σ1) = 1 − σ1 < 0,
f5(t + 2) = (t + 1)2(t + 3)2 − (t + 2)(2t + 5)2 > 0,
we have√
t < λ2(T
#
5 ) <
√
σ1. (5)
In a similar way, it can be shown that
λ2(T
#
i ) <
√
σ1, i = 6, 7, 8, 9, 10. (6)
Combining (1)–(6), we complete this proof. 
Now we can prove our main result (the theorem mentioned at the end of Section
1).
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Proof of the Theorem. The cases t = 2 or 3 can be verified by using a computer.
So, we can suppose t  4. Let T ∗ be a tree on n = 2k = 4t vertices with a perfect
matching such that for any tree T on n = 2k = 4t vertices with a perfect match-
ing, λ2(T )  λ2(T ∗). Take a = 2t − 1 in Lemma 1. Then there exists a vertex v ∈
V (T ∗) such that there is one component T0 in T ∗ − v of order not exceeding 2t ,
and all the other components of T ∗ − v, say Ti (i = 1, 2, . . . , s), have orders not
exceeding 2t − 1. We have from Lemma 2 that
λ2(T
∗)  λ1(T ∗ − v) = max{λ1(T0), λ1(T1), λ1(T2), . . . , λ1(Ts)}.
If |V (T0)|  2t − 1, then |V (Ti)|  2t − 1, i = 0, 1, 2, . . . , s. Since T has a per-
fect matching, we conclude that for each i (i = 0, 1, 2, . . . , s), if |V (Ti)| is even,
then Ti has a perfect matching; if |V (Ti)| is odd, then the matching number of Ti
is |V (Ti )|−12 . We have from Lemmas 2 and 4 that
λ2(T
∗)  λ1
(
T 2t−1t−1
)
= √σ1 < λ2(T #1 ),
a contradiction. So, we have |V (T0)| = 2t . Suppose that T0 /= T 2tt . From the above
discussion and Lemma 5, we have
λ2(T
∗) max
{
1
2
(√
1
2
(
t − 1 +
√
(t − 3)2 + 4
)
+
√
1
2
(
t + 7 +
√
(t − 3)2 + 4
))
,
√
σ1
}
.
If t = 4, it is easy to show that
1
2
(√
1
2
(
t − 1 +
√
(t − 3)2 + 4
)
+
√
1
2
(
t + 7 +
√
(t − 3)2 + 4
))
 √σ1.
If t  5, then
√
(t − 3)2 + 4  t − 2. So, we have
1
2
(√
1
2
(
t − 1 +
√
(t − 3)2 + 4
)
+
√
1
2
(
t + 7 +
√
(t − 3)2 + 4
))
 1
2
(√
t − 3
2
+
√
t + 5
2
)
<
√
σ1.
Hence, we have λ2(T ∗) 
√
σ1 < λ2(T
#
1 ), a contradiction. So, we have T0 ∼= T 2tt and
T ∗ −⋃si=1 V (Ti) must be one of the following graphs H1, H2, H3, H4 (see Fig. 5).
Let u be the vertex of T0 such that uν is an edge of T . Then
T ∗ − u∼= (T0 − u) ∪ (T ∗ − V (T0))
and
|V (T0 − u)| = 2t − 1, |V (T ∗ − V (T0))| = 2t.
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Fig. 5.
By the same discussion, we have T ∗ − V (T0)∼= T 2tt . Then T ∗ must be one of the
graphs T #1 − T #10. By Lemma 6, we have T ∗ ∼= T #1 .
Now we consider the characteristic polynomial of T #1
(T #1 ) = (x2 − 1)2t−6[(x2 − 1)2(x4 − (t + 1)x2 + 1)2
− x2(x4 − (t + 1)x2 + 2)2]
= (x2 − 1)2t−6[(x4 − (t + 1)x2 + 1)(x2 + x − 1)+ x]
× [(x4 − (t + 1)x2 + 1)(x2 − x − 1)− x].
Let
g1(x) = (x4 − (t + 1)x2 + 1)(x2 + x − 1)+ x,
g2(x) = (x4 − (t + 1)x2 + 1)(x2 − x − 1)− x.
Since
g1
(√
σ4
) = 1
2
(√
σ4 + 1 − σ4
)
< 0,
g1
(√
σ5
) = √σ5 > 0,
g2
(√
σ5
) = −√σ5 < 0,
g2(t + 1) =
(
t (t + 1)3 + 1
)
(t2 + t − 1)− t − 1 > 0,
from the proof of Lemma 6, we conclude that λ2(T #1 ) is the maximum root of the
equation g1(x) = 0. The proof is complete. 
By the same proof as the Theorem, we have
Corollary 1. Let T be a tree on n = 2k = 4t (t  2) vertices with a perfect match-
ing. If T /= T #1 , then λ2(T ) 
√
r3, where r3 is the second largest positive root of
the equation
(x − 1)(x2 − (t + 1)x + 1)2 − x(x − t)(x2 − (t + 1)x + 2) = 0.
The equality holds if and only if T ∼= T #2 .
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Corollary 2. Let T be a tree on n = 2k = 4t (t  2) vertices with a perfect match-
ing. If T /= T #1 and T #2 , then λ2(T ) 
√
r4, where r4 is the second largest positive
root of the equation
(x − 1)2(x2 − (t + 1)x + 1)2 − x(x2 − tx + 1)(x2 − (t + 1)x + 2) = 0.
The equality holds if and only if T ∼= T #3 .
Corollary 3. Let T be a tree on n = 2k = 4t (t  2) vertices with a perfect match-
ing. If T /= T #1 , T #2 and T #3 , then λ2(T ) 
√
r5, where r5 is the second largest posi-
tive root of the equation(
x2 − (t + 1)x + 1
)2 − x (x2 − (t + 1)x + 2) = 0.
The equality holds if and only if T ∼= T #4 .
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